A set of macroscopic equations of motion for inhomogeneous and anisotropic porous media is constructed. The porous medium considered consists of an elastic solid with interconnected void spaces filled with a chemically inert viscous fluid. The constituents are assumed homogeneous in their material properties, but the unperturbed porosity is spatially varying and the distributions of pores and interfaces are uneven. The physics at the pore scale, which underpins the approach, is never lost sight of. Although very different in approach from that taken by Biot, a close correspondence to the Biot (1962) theory is established in this paper. The dynamic perturbation in porosity accompanying deformation is treated as kinematically independent of the macroscopic solid displacement field and the macroscopic fluid velocity field. The viscous loss within the pore fluid, which is absent in the Biot approach, is not excluded here. For the most general case, 27 independent macroscopic parameters enter into the macroscopic constitutive equations, not counting the spatial gradient of unperturbed porosity itself, which appears explicitly at various places. Whereas the elastic constants of the constituents are contained within Biot's parameters, here they are factored out. Thus, the parameters are directly linked to the manner in which distributed pores and interfaces control the deformation.
I N T R O D U C T I O N
In a variety of geological settings, from oil reservoirs to seafloors, the physical bodies have often been considered to be inhomogeneous and anisotropic porous media. Thus it is obvious that reliable physical equations governing such porous media must be of interest. However, owing to the variety and complexities of porous media, particular theories have to be constructed to deal with the physical situations at hand. A porous medium, viewed as an elastic matrix filled with viscous fluid, is a realistic model for earth materials frequently encountered in oil, gas and water exploration. In such a context, inhomogeneity or anisotropy can readily arise from the uneven manner in which pores and interfaces are distributed. In particular, the porosity can change from place to place due, for example, to compaction.
The spatially varying porosity model has been studied carefully by Biot over many years, culminating in the widely accepted Biot (1962) theory. As is well known, from the outset Biot deals with macroscopic quantities. Thus, links to the elastic constants of the constituents and contributions to the macroscopic anisotropy due to the microstructure are not visible in his stress tensors. Following Carroll's (1979) lead, Thompson & Willis (1991) have expressed the macroscopic parameters of Biot's constitutive relations in terms of drained and undrained compliances and the components of the Skempton tensor, which were further refined by Cheng (1996) . Of great significance is the fact that in Biot's work among his dynamic variables the obviously important dynamic porosity (as distinct from the specified static porosity) is not included. From a thermodynamic point of view this omission affects the very starting points of his construction (de la Cruz et al. 1993) . It also in effect restricts the formulation to a particular class of deformation processes where change in porosity during deformation depends only on the difference in stresses of the two phases (see Section 2.10). Furthermore, the fluid strain-rate dependence is also excluded from the macroscopic stress tensors, thus leaving out any viscous loss mechanism within the pore fluid. Biot's axiomatic definition of the elastic energy potential only assumes dependence on the 'average solid strain' and the 'increase of fluid content' (which in turn is connected to the 'fluid dilatation strain', that is, the divergence of the average 'fluid displacement field'). The reason for the exclusion of the fluid strain-rate dependence from the elastic energy potential is obvious. It would have rendered the energy potential non-conservative and hence the variational method, by which macroscopic stress tensors are deduced by Biot, invalid. Perhaps Biot could have included viscous loss within pore fluid by including in his dissipative function a fluid strain-rate term in addition to the intercomponent friction term.
It is therefore of interest to present an entirely different approach, one that maintains a close connection with the well-established physics of the microscopically segregated components, which interact at the numerous interfaces in accordance with standard boundary conditions. The approach taken here makes use of the techniques of volume averaging (Whitaker 1999 and references therein), and we shall restrict ourselves to relatively slow and small physical disturbances. It is also assumed that there are no sinks or sources of heat, and that thermal effects are inconsequential. Although the development presented here runs independently of Biot's work, certain concepts employed by Biot, namely the macroscopic dissipative function and kinetic energy density, are expected to have wide applicability. Thus it is meaningful to establish a correspondence, and we have worked this out. The macroscopic theory arrived at here may, from the application point of view, be regarded as a revised version of Biot's (1962) theory.
The next section presents a systematic development for the case of spatially varying unperturbed porosity, starting from porescale physics, that leads to a complete system of macroscopic equations. The equations for homogeneous and isotropic media are presented as a limiting case. Concluding remarks are given in the final section.
Microscopic description
The porous medium considered in this paper consists of an elastic solid matrix together with interconnecting pores filled with a chemically inert Newtonian viscous fluid. These two components satisfy the following continuity equations and (linearized) equations of motion at the pore scale:
and
where s f jk and s s jk are the pore-scale stress tensors,
The subscript 0 indicates the unperturbed value. Here the fourth-
where j f and m f are the bulk and shear viscosities of the fluid and L s jkln is the isotropic elastic tensor,
where K s and m s are the bulk and shear moduli of the solid. The strain (or strain rate) tensors are
p f is the pore-scale fluid pressure, satisfying
where K f is the modulus of (adiabatic) compression of fluid. The boundary conditions at the pore scale between the two phases are given by the no-slip condition
and the continuity of traction
We restrict our considerations to a porous medium whose two components are themselves homogeneous and isotropic when unperturbed. Thus, any macroscopic inhomogeneity or anisotropy that is present is due to the uneven way pores and interfaces are distributed.
Averaging basics
To obtain a macroscopic description we employ the following two averaging theorems (Whitaker 1999 Section 1.2.1 and references therein), which link the averages of derivatives to derivatives of averages:
Here G f (x j ) is any quantity associated with the fluid, and is defined to be zero everywhere outside the fluid; we adopt this usage in order to achieve greater brevity in writing the equations to follow. The symbol A fs refers to the fluid-solid interfaces in the averaging volume V, the unit normal n j pointing from the fluid towards the solid, and o j A is the velocity of the fluid-solid interface element. We use a bar to denote the phasic average and nm to denote the average over V. We have
where g=V f /V is the porosity variable. The above can easily be transcribed to equations for the solid component.
For averages to be meaningful, the wavelengths under consideration have to be at least an order of magnitude larger than V 1/3 , which in turn has to be at least an order of magnitude larger than the characteristic pore/grain dimension. In this sense theories obtained by this approach may be viewed as long-wavelength or low-frequency theories. Since the shortest wavelengths in the seismic regime of interest are typically orders of magnitude larger than characteristic pore/grain dimensions, the requirement of the approach is amply fulfilled. For the physical system at hand, the moving phasic average of the pore-scale solid displacement field (u s j ) and fluid velocity field (o f j ) are natural macroscopic fields. The porosity change (gxg 0 ) is another macroscopic measure of deformation. This variable is kinematically independent of the other two fields, since it is determined by interfacial (in contrast to the interior) displacements. The three fields together will be assumed to be adequate for the description of macroscopic motions in the sense that u s j and o f j are adequate at the pore level. At that level the porosity of course has no meaning.
Macroscopic continuity equations
To convert the fluid continuity equation (1) to its macroscopic form we apply the operation (1/V) b V dV to it, i.e.
With the aid of volume-averaging theorems (14) and (15) it becomes
so that the two surface integrals cancel each other out. Upon substituting r f =r f 0 +(r f xr f 0 ) and g=g 0 +(gxg 0 ) and keeping only first-order terms, we have
Similarly, the solid continuity equation (2) is transformed to
The area integral can be read as the change in porosity x(gxg 0 ), because the quantity u j s n j dA is the volume swept out by the displacement u j s at pore interfaces, and we have the macroscopic solid continuity equation as follows:
We observe how the dynamic porosity variable g immediately and naturally enters in the macroscopic forms of these equations.
Macroscopic equations of motion
By volume averaging the pore-scale equations of motion (3) and (4) and retaining only first-order terms, their macroscopic counterparts are obtained as follows:
From eqs (19) and (20) it is clear that g 0 s f jk and (1xg 0 )s s jk assume the roles of macroscopic stress tensors. The two surface integrals, which are equal and opposite on account of continuity of traction at pore interfaces (eq. 13), are effective body force densities, arising from the interactions across the interfaces. The resulting effective body force is just the sum of forces exerted by one phase on the other in a unit volume of the porous medium. Hereafter, we use the notation I j for it,
Its explicit representation in terms of macroscopic quantities is discussed in Section 2.7.
Macroscopic stress tensors and fluid pressure equation
By volume averaging the pore-scale stress tensors (5) and (6) and utilizing the continuity of velocity fields at pore interfaces (eq. 12) and linearization, we obtain the macroscopic stresses
where e ln * is the area integral term (1/V) b A sf(1/2)(u s l n n +u s n n l )dA, which is just the sum over strain at pore interfaces in a unit volume of the porous medium. Its dilatational part can be read as the change in porosity x(1/3)d ln (gxg 0 ), so that we have identically
where the area integral D ln is
the sum over the pore boundary deviatoric strain tensor in a unit volume of the porous medium. The same integral D jk occurs in both stress tensors (22) and (23) owing to the no-slip condition at pore interfaces. It has the following relations to the volume-averaged solid strain and fluid strain rates:
jk ) might both be referred to as 'macroscopic strain', they are not equal. The difference, given by the terms listed above, is due to the presence of interfaces. Similar remarks hold for the fluid strain rates. It must be remembered that pore-scale strains have a well-defined differential geometric meaning and are unambiguously tied to displacements of mass elements, whereas the volume averages do not acquire similar significance. Only with reference to eqs (22) and (23), linking them to the macroscopic stresses, can we proceed to relate them to the dynamics.
Similarly, the fluid pressure equation (11) is transformed into
The area integral term is just the porosity change rate, and we rewrite the macroscopic fluid pressure equation as
So far, no approximations other than linearization have been made. We now attempt to express the two surface integrals I j and D jk in terms of the macroscopic kinematic fields u s j and o f j (and their spatial and temporal derivatives) and the measure of fractional change in the phasic volume (gxg 0 ).
Area integral of deviatoric motion of pore interfaces
From eqs (23) and (24), we see that the area integral D jk is related to macroscopic solid stress according to the equation
where the microscopic elastic tensor is given by eq. (8). Here we have also used the notation (for 'solidosity') w=1xg, w 0 =1xg 0 for convenience. For the limiting case where the medium is homogeneous and isotropic, it has been shown (de la Cruz et al. 1993 ) that perturbation in porosity gxg 0 contributes to solid potential energy along with u 
For the general case considered here, this measure of solid deformation must be generalized to
The reason for the last term in parentheses is that no stress can arise from a mere uniform displacement of the medium as a whole. Under such a displacement (say u
Thus it is not wxw 0 , but wxw 0 +u s l h l w 0 that is the true measure of the change in fractional volume. Furthermore, in order to encompass anisotropy, the tensorial weighting factor d jk /(3w 0 ) has been generalized to the form
where S jk is symmetric and trace-free, and thus consists of five independent components. 
The term within the middle braces in eq. (34) is a symmetrical trace-free second-rank tensor that vanishes for a uniform displacement u s l =U l on account of eq. (32) and the integral D ln (eq. 25) yielding
which can be explicitly integrated utilizing eq. (15), after setting G f =1, to give
By inspection of eq. (34), we observe that this term must itself be linear in u sa ln , i.e. of the form
with the constraint
to ensure the trace-free condition of the left-hand side of eq. (35). The weighting factor xw 0 is for algebraic convenience. The C lnpq is some dimensionless fourth-rank tensorial parameter. Clearly it is pair-wise symmetric,
A further symmetry follows from the association of the solid stress tensor with the solid strain energy function. Since the strain energy must be quadratic in u sa ln , the coefficient C lnpq above, like L s jkln itself, and for the same reason, must have the symmetrỹ
In view of the symmetries (37) and (38) and the constraint (36), C lnpq is trace-free. Hence, it has only 15 independent components. Utilizing the trace-free property of C lnpq in eq. (35) we find 
The trace-free and dimensionless tensor m lnpq is defined bỹ
and may be viewed as the macroscopic shear moduli modifier. Utilizing eq. (31) we can also write
which may be compared with its microscopic counterpart (eq. 6) s 
where u (35) as linear terms in a Stieltjes integral form akin to linear viscoelasticity. However, in accordance with the usual practice in elastic wave theory, where the quasi-static formula for the stress tensor is almost always employed, such terms are not further considered here. Indeed, for g=g 0 p0, we recover from eq. (43) the usual constitutive relation of elasticity theory, as is expected.
Utilizing eq. (24) in eq. (22) we rewrite the fluid macroscopic stress tensor,
Differentiating D ln of eq. (39) and substituting into the above, we find
Here o s j =hu s j /ht. Finally, with L f jkln from eq. (7), we have more explicitly
where o
It should be noted that the fluid viscosity and spatial gradient of porosity terms, which are absent in Biot (1962) , have naturally appeared here. Moreover, in contrast to Biot, the elastic constants of the constituents are explicitly factored out in the stress tensors. Furthermore, fields themselves have appeared in the stress tensors, in conjunction with the spatial gradient of porosity, to preserve frame indifference.
Interfacial interaction body force
The area integral I j defined by eq. (21) is, in view of the physical meaning of the pore-scale expression s s jk n k , just the sum of the forces exerted by the fluid component on the solid in a unit volume of the porous medium. In the macroscopic sense, it acts as a body force density. Here we assume that one can employ the notions of intercomponent friction and induced mass density at the macroscopic level. In terms of macroscopic motion this force is thus assumed to be attributable to the relative velocity and the relative acceleration. Furthermore, in the presence of gravity g j there will be an induced generalized 'buoyancy force' acting on the solid from the fluid, say xr b jk g k , where r b jk is some tensorial parameter. However, gravity can be simulated by a uniformly accelerating frame. Since relative acceleration is invariant, another linear combination of the accelerations is needed. Including gravity, this additional term is therefore of the form r b jk (o k xg k ), where o j can without loss of generality be chosen to be the acceleration of the poro-continuum In addition, another term is also present when the (unperturbed) porosity is not uniform. This is demonstrated as follows. Assume for the moment that there is no motion, but that there is a non-zero fluid pressure p f 0 . On account of the different amount of interfacial areas acted on by the fluid pressure at different locations, there will be a net force per unit volume, equal to xp f 0 h j g 0 . When there is motion such a term must of course still be present, now becoming xp f h j g 0 . The existence of this term for the case of fluid flow in porous media was noted earlier by Marle (1982) . We show below that the absence of this term would lead to an unphysical prediction. Putting the above pieces together, we express I j as
where ( For I j in eq. (47) we ignore all acceleration terms and set o s j to zero as the solid would be rigid, and we use eq. (46) for the macroscopic fluid stress tensor, ignoring viscous dissipation within the fluid itself. Thus, we have
relation of the form
where ' . . . ' denotes the contributions from forces other than the stresses. For phenomena such as seismic propagation, we set them to zero. According to eq. (43) for s s jk , when it is specialized to the homogeneous isotropic case, we have p
For fluids, it is sufficient to take s
Thus we obtain 1 þ 3aK
Differentiating both sides with respect to time, and making use of the pressure equation (28), we arrive at the porosity equation (50). Eq. (51) holds the key to the generalization of eq. (50) to the present inhomogeneous anisotropic case. We now have
Apart from obvious generalization to tensorial form, the term u s l h l g 0 is also incorporated on the left-hand side to ensure frame indifference, as was done in Section 2.6. Substituting s 
Further operations along the lines indicated above then result in an equation of the form 
Summary
We now collect together the basic equations.
Macroscopic continuity equations
2.9.2 Macroscopic equations of motion
2.9.3 Macroscopic stresses
2.9.4 Macroscopic fluid pressure equation
2.9.5 Interfacial interaction body force equation
2.9.6 Porosity equation
Homogeneous and isotropic case
The equations governing motion in the homogeneous and isotropic case are obtained from Section 2.9 by setting the porosity gradient h j g 0 to zero, and taking the macroscopic tensorial parameters C jkln , S jk , D s jk , (K x1 ) jk , r jk 12 and r b jk in their isotropic forms,
The resulting equations are listed below. 
